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ABSTRACT 

We show tha t  if E is a Banach space with the Radon-Nikodym property: 

then E has the metric approximation property if and only if the space 

of finite rank operators is locally complemented in the space of bounded 

operators. 

1. Introduction 

In 1984 Harmand and Lima [9] proved that if E is a Banach space such that K(E) 
is an M-ideal in L(E), then E has the metric compact approximation property. 

A strong converse of this was proved by Cho and Johnson [3] in 1985 when they 

showed that i r e  is a subspace Ofs 1 < p < oo, with the compact approximation 

property, then g(E)  is an M-ideal in L(E). Later on, D. Werner [25] extended 

Cho and Johnson's result to subspaces of co. Lately, Kalton [13] has obtained 

characterizations of separable spaces E such that K(E) is an M-ideal in L(E). 
A projection P in a Banach space X is called an L-project lon if 

Ilxll = HPxll + IIx - Pz H 

for all x E X. A subspace M of a Banach space X is called an M-ideal if M • 

is the kernel of an L-projection in X*. M-ideals were first studied by Alfsen and 

Effros [1]. They characterized M-ideals by means of intersection properties of 

balls. They proved that if M is a closed subspace of a Banach space X, then M 

is an M-ideal in X if and only if the following property holds: 
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(# )  whenever {B(ai,ri)}n=l is a finite family of balls in X such that 

NinlB(ai,ri) ~ ~ and M CI B(ai,ri) ~ ~ for all i, then 

M fl Nin=l B(ai, ri + ~) ~ 0 for all e > 0. 

It suffices to consider 3 balls in the above intersection property. 

The theorems by Harmand and Lima, Cho and Johnson, Wemer and Kalton 

show that for some Banaeh spaces E we have equivalences between the following 

statements: 

(i) E has the metric compact approximation property. 

(ii) K(E) a is the kernel of an L-projection in L(E)*. 
(iii) K(E) has the intersection property (# )  in L(E). 
J. Johnson proved in [11] that if E is a Banach space with the metric 

approximation property, then K(E) • is the kernel of a norm-one projection in 

L(E)*. This suggests that the results above might be generalized. 

A subspace M of a Banach spa~e X is said to have the n.X. intersection 

property (n.X.I.P.) if whenever {B(ai, ri)}~= 1 is a family of balls in M such that 

Ni~l B(ai, ri) # ~ in X, then 

n 
NB(ai , r i+e)~O inM,  for all e > 0. 
i=1 

The main result of this paper is the following result. 

THEOREM 0: Let E be a Banach space with the Radon-Nikodym property. Then 
the following statements are equivalent: 

(i) E has the metric compact [metric] approximation property. 

(ii) K(E) "t [n(E)'] is the kernel of a norm-one projection in L(E)'. 
(iii) K(E) JR(E)] has the n.L(E).I.P, for all n. 

Let us fix some notation. E, F, M, X and Y shall denote Banaeh spaces. 

The dual space of E is denoted E*. If M is a subspace of E, then the annihilator 

of M in E* is denoted M t.  B(z, r) or BE(Z, r) is the closed ball in E with center 

z and radius r. 

We denote by K(E, F) the space of compact linear operators from E to F,  

and by L(E, F) the space of bounded linear operators from E to F. The space 

of finite rank operators from E to F is written R(E, F). For T 6 L(E, F) we 

denote the adjoint operator by T*. 

The closure of a set S is written ,~, and its convex hull is cony(S). Thus 

]~(E, F)  is the closure of R(E, F) in L(E, F). Unless otherwise stated the closure 
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is taken in the norm topology. The set of extreme points of a convex set C is 

written ext C. 

2. C o m p l e m e n t e d  subspaees  

We shall in this section assume that M is a closed subspace of a Banach space 

X. co as a subspace of s is an example of a non-complemented subspace such 

that its annihilator is the kernel of a norm-one projection in the dual space. 

The following result is crucial in this paper. (See Fakhoury [6] and Kalton 

[12].) We shall indicate the main steps of its proof. 

THEOREM 1: IE M is a dosed subspace of a Banach space X ,  then the [ollow~2g 

statements are equivalent: 

(i) M • is the kernel of a norm-one projection in X*. 

(ii) M •177 is the image of a norm-one projection in X**. 

(iii) IXF is a t]ni~e-dimensional subspace of X and e > 0, then there exists an 

operator T : F -~ M such that 

(a) z E  F N M  ~ T z = z ,  

(8) IlTl[ _< (1 + 

Proos (i) =~. (ii) follows by taking adjoints. 

(ii) ~ (iii). Let Q be the norm-one projection in X** with Q(X**) = M ~• 

Let QF be the restriction of Q to F. Now we get T by composing QF with 

a suitable operator obtained by using "the principle of local reflexivity" [18]. 

(iii) =~ (i). Here we use a compactness argument found in Lindenstrauss memoir 

[181. 
For each finite-dimensional subspace F of X, choose an operator TF as in 

(iii) with e = 1 /d imF.  Let 

s =  H B ..(0,211xll). 
zEX 

We equip ,.q with the product weak*-topology. Then S is compact Hausdorff. For 

each F as above and each x �9 X, we define 

TF(z) if x � 9  
z f =  0 if z ~ F .  

(x f ) zeX is a net in S ordered by (xV) > (xu) if G C F. Let ( x a ) , e x  be a 

subnet converging to a point (yz)zex in S. For each x �9 X and each z* �9 X*, 

we have that 
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The map x ~ yz from X to X** is linear. For x E X and z* E X* define 

(Px ' ) (x )  = y , (~ ' ) .  

Then P : x* --* Pz* is a norm-one projection in X* with kernel M • II 

Remark: Theorem 1 is true if )~ E [1, oo / and we replace "norm-one projection" 

and "IITII _< 1 + ," by "projection of norm ,V' and "IITII -< ~ + ,". e 

Definition: We shall say that M is local ly  c o m p l e m e n t e d  in X if (iii) in 

Theorem I is true. If (iii) is fulfilled with IITII < ~ + e, then we shall say that  M 

is local ly  A-complemented .  II 

COROLLARY 2: If  X has the approximation property and M is locally 

A-complemented in X for some A E [1, co/, then M has the approximation prop- 

erty. 

Proof." Let K C M be a compact set and let e > 0. There exists a finite r~nk 

operator T : X ~ X such that 

IITx - xll _< e/CA + ,) 

for all x E K.  Let F be the range of T and let TF : F ---* M be as in (iii) of 

Theorem 1. Then TFT : M ---* M is a finite rank operator and 

I I T F T x  - xll _< 

for all x E K.  | 

Theorem 3 gives examples of locally complemented subspaees. 

THEOREM 3: Let E be a Banach space. Then R(E) is loca//y complemented in 

fl(E*). In particular, ~I(E) has the n./~(E*).I.P, for a/1 n. 

In this theorem we assume tha t /~(E)  is the closure in/~(E*) of the natural 

imbedding T ~ T*. 

Proof: First we observe that in the proof of (iii) =~ (i) in Theorem 1, we do not 

use that  X is complete. Thus we only have to verify (iii) with M = R(E) and 

X = R(E*). Let F C_ R(E*) be a finite-dimensional subspaee and let ~ > 0. Let 

G = span I.J T ' (E)  c E " .  
TEF 
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Since each T 6 F is a finite rank operator, we get that G is finite dimensional. 

By "the principle of l o c i  reflexivity", there exists a linear operator V : 

G --* E such that  

(a) zeGoE~ Vz=x, 

(~) IVl _< (I + e). 
Define U : F --+ R(E) by 

U(T) = V o T*IE. 

Then IiUil _< 1 + ~. 

It easily follows that  U(T) = T for all T E F 0 R(E).  I 

PROBLEM h Is K(E)  locally complemented in K(E*)? 

It is clear that  M - i d e i s  are locally complemented subspaces. We s h i l  now 

modify (iii) in Theorem 1 to obtain a characterization of M-ideals. 

THEOREM 4: Let M be a dosed subspace of a Banach space X.  The following 
statements are equivalent: 

(i) M is an M-ideal in X.  

(ii) If F C_ X is a ~nite-dimensional subspace and ~ > 0, then there exists a 

linear operator T : F --* M such that 

(a) z E F O M =o" Tz  = x, 

(~) IITx + (I  - T)Yll < (1 + e)max(llzll ,  IlYlI), 
for all z, y 6 F. 

Proof: (ii) =~ (i). Let y E Bx(O, 1) and let z , ,  z2, xs E BM(O, 1). Let e > 0 

and let F = span (y, Zl,X2,x3). Let T be as in (il). Then we have 

3 

Ty E M fq N B(y + zi , l + e ) .  
i= l  

Thus M is an M - i d e i  in X [14]. 

(i) =~ (ii). Let e > 0 and let F ___ X be a finite-dimensioni subspace. Since M 

is an M - i d e i  in X,  we get that  M is an M - i d e l  in M + F.  Thus we can and 

s h i l  assume that  

trim(X/M) < oo. 

Let Q be the M-projection in X** onto M "t'a-. Let 

H = Q(F) + ( / -  0)(F) c X".  
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We have dim H < oo. By "the principle of local reflexivity", there exists an 

operator S : H ~ X such that 

(a) Sz  = x for all = �9 H N X, 

(b) x*(x) = x*(Sx) for all x �9 H,  all x* �9 M • 

(r (1 - ~)ltxll < lls~ll < (1 + ~)llxlt for all �9 �9 z~. 
I f x  �9 F N M  C. H N M  •177 NX,  then 

z = Qx = S Q x  

and (a)  follows. From (b) it follows that SQz e M for all z E F.  

Let x, y �9 F.  Then 

SO 

Hence 

y = Q~ + (~ - Q~) 

= S Q y  + s ( y  - Qy)  

y - SQy = S(y - Qy). 

(1 + ~)m~( i l= l i ,  llyli) -> (1 + ~)m~(t iQxi l ,  iiy - Qyii) 

>_ ilSQx + S(y - Qy)il 

= ]]SQx + (y - SQy)]i. 

Put  T = SQ, and the proof is complete, i 

We shall now give an application of the previous theorem. Again we con- 

sider R(E) to be naturally embedded into R(E*). Results similar to Theorem 5 

for spaces of compact and bounded operators can be found in Corollary 2.4 and 

the Remark following Corollary 2.4 in [24]. 

THEOREM 5: Let E and F be Banach spaces such that E C F. The following 

statements axe equivalent: 

(i) E is an M-ideal in F. 

(ii) R(E, E) is an M-ideal in [~(E, F). 

(iii) R(X, E) is an M-ideal in [~(X, F) for every Banach space X.  

In particular, E is an M-ideal in E** if and only i[ R( E) is an M-ideal in R( E* ). 

Proof: The last part of the theorem follows from the first part by identifying 

R(E,E**) with R(E*). 

(iii) =~ (ii) is trivial. 
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(ii) =~ (i). Let z E E and y E F with 1 = Ilxll = Ilyll. Choose =* E E"  such 

that 1 = x*(x) = [[x*[[. Define S E R(E,E) and T E R(E,F) by Sz  -- x*(z)x 

and Tz = z*(z)y. Both S and T have norm 1. Let e > 0. By (ii) there exists 

U E R(E, E) such that 

I IS • (T  - U)ll _< 1 -I- e. 

Then evaluating on x gives 

I1~ + (~ - Ux) l l  _< 1 -t- e. 

This shows that E is a semi M-ideal in F.  The same argument using three balls 

gives that  E is an M-ideaJ in F.  

(i) =~ (iii). Let X be a Banach space and let $1, $2 and • be finite rank operators 

from X into E with norm _< 1. Let T E R(X, F) be a finite rank operator of 

norm one and let e > 0. Let H be a finite-dimensional subspace of F which 

contains the images of all these four operators. By Theorem 4, we can find an 

operator U : H ---, E such that U(x) = x for all x E E N H and 

[[Ux + (y - Uy)H <_ (1 + ~)max(llxll , [[y[[), 

for all x, y E H.  Let V = UT. Then V E R(X, E) and 

IIS~ + T - VII _< 1 + 

for i = 1,2,3. | 

Remark: D. Werner has informed me that we cannot add 

/~(E) is an M-ideal in R(E '* )  

to the last part  of Theorem 5. In fact, 

(,) i f /~(E)  is a semi M-ideal in R(E**), then E is reflexive. 

Proof of(*): Let x* E E* and x*'* E E*** with 1 = ]Ix'[[ = IIx***[[. Choose 

z E E ,  y* E E* and x** E E** such that 

1 = Ilxll = Ily*ll = IIx**ll = y * ( x )  = ~ " ( y ' ) .  
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Define S e R ( E )  and T e R(E**) by 

s (v)  = x*(v)x, 

T ( y " )  = x***(y**)z**. 

Then 1 = Ilsll = IITII. 

If e > 0 and U E R( E)  such that  

IIS** • (T - U**)II < I + e, 

then taking adjoints and applying on y* gives 

IIz* + (x*** - u*u*)ll  _< 1 + e. 

Thus E* is a semi M-ideal in E***, hence an M-ideal. But this implies that  E 

is reflexive [10]. | 

It is easy to give examples of spaces which axe locally complemented but 

not complemented. If M is an Ll-predual space which is a subs'pace of a space 

X,  then X "L• = i m  P for a norm-one projection P in X**. Thus M is locally 

complemented in X. 

If X / M  is an L,-spaee, then M • = i m  P for some norm-one projection P 

in X*. 

We have a theorem similar to Theorem 1 for quotient spaces. 

THEOREM 6: Let M be a dosed subspace of a Banach space X .  The following 

statements are equivalent. 

(i) M • is the range of a norm-one projection in X*.  

(ii) M •177 is the kernel of a norm-one projection in X**. 

(iii) he F is a ~nite-dimensional subspace of X and e > O, then there exists an 

operator T : F --* M such that 

(iv) 

Tx=z for~IzEFNM, and 

I I I - T l l  < 1 + ~  for aU z q F. 

If G is a ~nJte-dimensiona~ subspace o[ X/M and e > O, then there exists 

an operator S : G ~ X such that IlSll <- 1 + e and q o S is equal to the 

identity on G where q : X --, X / M  is the quotient map. 
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Shor~ proo~ 

(i) =~ (ii) is trivial. 

(ii) =~ (iii) is similar to the proof of (i) =~ (ii) in Theorem 4. 

(iii) =~ (i) is similar to (iii) =~ (i) in Theorem 1. 

(iii) =~ (iv) is easy. II 

Remark: (iv) in Theorem 6 is a local lifting. Just as there are many locally 

complemented subspaces which are not complemented, there are many quotient 

spaces which allow local liftings but not global liftings. Peter Harmand has made 

me aware of the following example. 

Since L1 = L1 (0, 1) is separable, there exists a closed subspace M of s 
such that 

L1 ~- s (isometric). 

Since no subspace of s is isometric to L1, there is no lifting from L1 to s 

We have 

L~ ~_ M j" "~ C(K) 

for some compact Hausdorff space K, so M j- = i m  P for a norm-one projection 

P in s = s 

Note that L1 has the metric approximation property. II 

It is a trivial observation that if M is locally complemented in X, then M 

has the n.X.I.P, for all n. Let 

M #  _- {x* ~ X *  : IIx*ll = IIx*llM}. 

In Lima [15] it is proved that M # is a linear subspace of X* if and only if M has 

the n.X.I.P, for all n and, moreover, every z* E M* has a unique normpreserving 

extension to X. The n.X.I.P, for all n can be replaced by the 3.X.I.P. (For a 

correction to Lima [15], see Oja [19].) 

Let us examine the following example. If x* G M*, denote by HB(z*) the 

w*-compact convex set of normpreserving extensions of z* to X. 

Example: Let X = s Define a map T : s 1 --+ X by 

T(1,O,O) = ( 1 , - 1 , - 1 , 1 ) ,  

T(O, 1,0) = ( - 1 , 1 , - 1 , 1 ) ,  

T(O,O, 1) = ( - 1 , - 1 , 1 , 1 ) ,  



460 A. LIMA Isr. J. MLth 

and extend T to a linear operator. 

Let M = T(s 

We have: 

(c~) M has the 3.X.I.P., but  not the 4.X.I.P. 

(/3) Every x* E ext BM.(0, 1) has a unique norm-preserving extension to X.  

(7) There exists z* E M* which does not have a unique norm-preserving ex- 

tension to X. 

M has the 3.X.I.P. since Ll-spaces have the 3.2.I.P. (See Lima [14l. ) Since 

Ll-spaces do not have the 4.2.I.P., we get that M does not have the 4.X.I.P. 

Note that M • = span (1,1,1,1).  Let z* E ext BMo(0,1). Then HB(x*) is 

a face of Bx.(O, 1) which is a point or a line-segment parallel to M • Since no 

face of Bx.(O, 1) is parallel to (1,1,1,1),  we get that HB(z') must be a point. 

( - 1 ,  - 1 ,  0, 0, ) and (0, 0,1,1) are two different normpreserving extensions 

of the functional z" E M* defined by 

x* ( l , - l , -1 ,1 )  =0, 

x ' ( - i ,  1,-1,1) = O, 

x ' ( - l , - l ,  I, 1) = 2. 

3. E x t e n s i o n s  o f  e x t r e m e  f u n c t i o n a l s  

As shown by Ruess and Stegall [20], we have 

ext BR(E,F). (0,1) = ext BK(E,F).(O, 1) 

= ext BE-- (0,1) | ext BF. (0,1). 

Note that for T E L(E, F) and x** | z* E E** | F*, we define (x** | x*)(T) = 

z**(T*z*). 
For the dual of L(E, F), we have the following result. 

THEOREM 7: For any Banach spaces E and F, we have 

BL(E,F).(O, 1) = c-o'fiV(ext BE..(O, 1) | ext BF-(0, 1)) 

(weak" -closure). 

This is proved in [10]. 

Often, we have E = F and then the state space SE is a useful object to 

study: 

SE = {r E L(E)* : IlCll = 1 = r 
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I is the identity operator on E. 

Let 

Then 

S, = {x** | x* E ext BE..(O, 1) | ext BE.(O, 1): z*'(z*) = 1}. 

S. c_ SE. 

THEOREM 8: For every Banach space E, we have 

SE = c-5-~(S~) (weak*-closure in L(E)*). 

Proof: Let r E SE and let e > O. 

Choose To,T,, . . .  ,T ,  E L(E) with To = I and all [[Tjl [ < 1. Note that  

BL(E)*(O , 1) = C"-~(~E(0 , 1) | BE,(O, 1)} 

(weak*-dosure), so we can find m, )~i > 0 and zi | E BE(O, 1) |  such 

that  Ei=l~, = 1 and 

[r - ~ A,xT(Tix,)[ < O 2 
i----1 

for O = e2/4 and j = 0 ,1 , . . .  ,n.  

Define 

J0 = {i : x~(x,) < 1 - O}. 

Since @ E Ss and To = I ,  we have 

Irl 

1 - 0 2 < E*~ iz* (z ' )  
i----1 

iE Jo i~ So 

= l - O E ~ i .  
iC Jo 

Hence Ei~Jo)~i < O. 
By deleting those elements with z~(zi) _< 1 - 0 mad replacing hi by 

h i .  (1 - Eicjo~/) -1, we may assume z*(z/) > 1 - 0 for all i and 

m 

I (Ti)- < 0 + 3O 
i = l  
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for all j .  Clearly, we may assume IIx$ll = Ilxill = 1 for all i. 

Using the Bishop-Phelps-BoUobas theorem [21, and since Iz$ (z~ )  - 11 < 0, 
there exist y* E B s .  (0,1) and zi E BE(O, 1) such that 

y ~ ( z i ) = l ,  I l y * - z ~ l l < e  and I l z i - z i l l < e  

for all i. Thus 

* T*z T* *'z Ix~(TCxi) -y*(Tjz i ) l<  I ( x ; - Y , ) (  r /)1+ jUi t  ' - z d l  

< 2e 

for all i and all j .  Hence 

I n  

Ir162 ~ ,~iy*(Tjzi)l < 02 + 30 + 2, < 3, 
i=1 

for all j .  

For each i, put 

HB(zi) = {y* e BE. (0 ,1 ) :  y*(zi) = 11. 

HB(zi) is a w*-closed face containing y*. Since 

g B ( zi ) = c-5-ff'q( ext g B( zi ) ) (weak*-closure), 

we can replace each y* by a convex sum of elements from ext HB(zi). By 
renumbering, we may assume each y* E ext BE. (0, 1) and 

171 

{r - ~ $iy[(Tjzi)l < 3e 
i----1 

for all j .  

Similarly, 

HB(y~) = {z** E BE. . (0 ,1 ) :  z**(y~) = 1} 

is a weak*-closed face with zi E HB(y~). 
Thus we may replace each zi by elements in ext HB(y*). This completes 

the proof. I 

In the next section we shall need to know that some functionals have a 

unique norm-preserving extension from R(E, F) or K(E, F) to L(E,  F).  We 

start with some simple results. 



Vol. 84, 1993 METRIC APPROXIMATION PROPERTY 463 

LEMMA 9: If ~ = z** 0 z* E BE..(O, 1) @ BS* (0, I) with z**(z*) = I and ~ is 

the caaoaicaJ extension from R(E) to X = R(E) (9 R .  I, then 

6 extHB(4).  

Proof: If ~ ~ ext HB(r  then we can find 77 6 X*, T/# 0, such that  

:l: rl 6 HB(4). 

But then T/6 R(E) J'. Moreover, we have 

1 ~ (6~ ) ( I )  =1• 

so T/(I) = 0. But then T/= 0 and we have r 6 ext HB(r  | 

LEMMA 10: Every r 6 ext BR(E,F). (0, 1) has a unique norm-preserving exten- 

sion to K(E, F). 

Proof." Let r 6 ext BR(E,F)" (0, 1) and assume 41,42 6 ext HB(r Since HB(~b) 
is a weak*-closed face, there exist, by a theorem of Ruess and Stegall [20], z~* 6 

ext BE.. (0, 1) and y~ 6 ext BE. (0, 1) such that 4i = z~* | y~ for i = 1, 2. 

Let T 6 K(E,F). We shall show that  41(T) = 42(T). 

Assume first that  y~ and y~ are linearly dependent. Then we may assume 

that y[ = y~. Choose y 6 F such that y~(y) = 1 and define S 6 R(E, F) by 

S = T'y* | 

Then 

r = r = r = r = r 

Assume next that y~ and y~ are linearly independent. We can find yz, y2 6 F 

such that  
0 = y~(y,) = Y;(~2), 

Define S 6 R(E, F) by 

S $ r$ T $  $ = T Yl | + Y2 | 

Then 

r  = r  = r = r = r 
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Thus ext HB(qb) consists of a unique point, and ~b has a unique norm- 
preserving extension to X. I 

In the next section, it is crucial to know that sufficiently many functionals 

have unique norm-preserving extensions from R(E) or K(E) to L(E), or at least 

to a subspace of L(E) containing I. The first of the results in this direction is the 

following 1emma. Ruess and Stegall first proved this result in Theorem 4 in [22]. 

(See Mso [21] for similar results.) Our proof is similar to the proof of Lemma 5.1 

of Godefroy and Saphar [7] and uses a result of D. Werner [23]. 

LEMMA 11: Let 4 = z | y* E dent BE(0,1)|  w*-dent BF-(0,1). Then ~ E 

dent BL(E,F). (0, 1) and 4 has a unique norm-preserving extension from R(E, F) 
to L(E, F). 

Proof: HB(r is a weak*-closed face of BL(E,F). (0,1) containing the natural 

extension r of ~b. Let r E HB(r We shall show that r -- r 

Let ~ > 0 and let T 6 L(E, F) with IITII = 1 such that 

I I r  611 < ~ + I r  - r  

By Lemma 4.5 of D. Werner [23], to every O E (0, e) sui~ciently small, we can 

find x* E E* such that 

�9 " (~)  = i ,  

II~*II _< 1 + ~. a, 

x*(z) > 1-O and II~II < i ~ II~ - ~II -< ~. 

Similarly, we can find y E F such that 

y ' ( y )  = 1, 

]lyl[ < 1 + e. O, 

z * ( y )  > 1 - 0 and Hz*H _< 1 =~ ]]z*-y*lI -< e. 

Let S = x* @ y E R(E, F). Then r -- 1. 

As in the proof of Theorem 8, we can find m, Ai > 0, xi E BE(O, 1) and 
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Y7 e B e . ( 0 , 1 )  such that 

Z A i  = I ,  
i----1 

fn 

Ir ~ ~,y ' ( s~)  < o ~, 

i = l  

Let o~ = 0(1 - e + e0) and let 

J0 = {i  : u~ ( s  ~) < l - a } .  

Since : = r  = r  we get 

m 

: -o ~ < ~ A,y;(s~,) 
i--I 

_< ~ ~,(: - ~) + ~ ( :  +,o) 2 
~eJo i~J~ 

= (: + 2~o + ,202)- (~ + 2~o + ~2o2) Z ~. 
iEJo 

From this it follows that ~ieo'o Ai < 3e. 

From i ~ Jo, we have 

Yi(S i) =Y[(y)'X*(Xi) ~> :--Or. 

So 

: - ~  < y~Cy)'C: + : o )  

and 

y~(y) > (:-~)I(:+~o)=:-o. 

Similarly for i r Jo, 

x ' ( z i )  > : - O. 

Hence, [[Y~ - Y*[[ <- e and [[xi - zI[ < ,  for i r Jo. 
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But then we have 

IIr - r < ~ + 1r  - r  
m 

< e  + Ir - Z Aiy~(Tz')I + Ir - Z A,y~(Tz,)] 
i = l  i = 1  

m 

< 2e + E AilY*(Tx) - y~(Tx,)[ 
i = l  

< 2e + ~ A~2(1 + cO) + ~ A,([y*(Tz - Txi)] + I(y ~ - y~)(Tx,)D 
i~Jo i~Jo 

< 2e + 6e(1 + e 2) + 2e < 16e. 

Thus r = r 

The same argument shows that  if we start with r such that  Hr -< I and 

r  > 1 - 0 2, then we get I[r - ell < 16e. Thus r is a denting point. | 

The above result is what we need to prove Theorem 0 for reflexive spaces. 

To extend Theorem 0 to non-reflexive spaces, we need to have a similar theorem 

when not both E and E* contain denting or strongly exposed point. We have 

only a partial result in this direction. 

LEMMA 12: Assume x 6 BE(O, 1) is s~rongly exposed by x* 6 BE.(O, 1). 

Let r = x | x* 6 R(E)*. Then r has a unique norm-preserving extension 

to x = R(E)  ~ R .  I. 

Proof." Let r = x | x* be the natural extension of r to X, and let r E HB(r  

We shall show that r = r 

Let S = x* | x E R(E). Then we have 

1 = r  = r  

and 

1 = r 

We shall prove that r = 1. 

Let m, %i > 0, zi E BE(O, 1) and z* E BE. (0, 1) be such that  

~ Ai = I, 
i=I 

S ) -  , ~ ( S x i )  < 0 2 
i=1 
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and 

- -  i x  x i  < ~. 

i=-I 

We have chosen O > 0 so small that if Ilzll < 1 and x*(z) > 1 - a  then II~-zll < , .  

Put 

Then we have 

Thus 

For i $ do, we have 

Jo = {i : x*(Sx i )  <_ 1 - 0 } .  

I 'O'l 

iffil 

iCJo i~J, 

= I - O E A i .  
i~,vo 

iEdo 

1 - a <_ z~(Sz i )  = z~(z)z*(Zl) 

_< x*(zl). 
(We can assume x*(xi) > 0 for all i.) 

Thus for i $ Jo, we have 

and 

Hence we get 

~;(~) ~ i - a  

171 I l l  

I~(0 - ,/,(x)l _< I,~(z) - ~ :,,~'(z~,)l + I~(x)- ~ ~,x*(xx,)l 
i = l  i = l  

<~ + 11 - ~ ~,x*(~,)l 
i=1 

< ,  + ~ ,~,11 - =*(~)1 + ~ AdO - =*(~)) + ~*(~ - ~)1 
iE Jo i~ Jo 

< ~+20+ ~ ~,(O+ 0 
i~Jo 

_< 2e + 30. 
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r  = r = 1. nn This shows that 

Isr. J. Math. 

4.  T h e  a p p r o x i m a t i o n  p r o p e r t y  

In this section, we shall combine the results from the previous sections with 

results by J. Johnson [11] to obtain characterizations of spaces with the metric 

approximation property. We shall write AP for the approximation property. 

Results on the approximation property can be found in [18]. 

J. Johnson [11] shows how we can use the AP to obtain the existence of 

projections. We shall use the existence of certain projections to show that the 

space has the metric AP. The results come in two versions, one with the metric 

AP and one with the metric compact AP. 

THEOREM 13: Assume that F is a Banach space with the Radon-Nikodym 

property. Then the following statements are equivalent: 

(1) F has the metric AP. 

(2) a ( v )  • is the kernel of a norm-one projection in L(F)*. 

(3) R( B, F) • is the kernel ofa norm-one projection in L( E, F)* /or any Sanach 

space E. 

(4) R(F)  •177 is the image of a norm-one projection in L(F)**. 

(5) R(E, F) • is the image of a norm-one projection in L(E, F)** /'or any 

Banach space E. 

(6) There exists an isometry T : L(F)  ~ R(F)** such that the restriction to 

R( F) is the canonical imbedding. 

(7) There exists an isometry T : L( E, F) ~ R( E, F)** such that the restriction 

to R( E, F) is the canonical imbedding for any Banach space E. 

(8) R(F)  has the n.L(F).I.P, for a11 n. 

(9) ~(E, F) h ~  the n.L(E, F).I.P. for ~1 n and any B=ach space E. 

(10) ~(F)  h ~  the n.X.I.P, for ~al n when X = ~(F) e R. ~. 

Proof: (1) =), (7) is proved in J. Johnson [111. 

(7) ~(6)  ~(2)  ~(4)  and (7) ~(3)  ~(5)  ~(4)  follow from Theorem 1 and "the 
principle of local reflexivity". 

(5) ~(9)  ~(8)  ~(10) and (4) ~(8)  are easy 
We shall now show that (10) =~(1). 

Note that /~(F)  is of co-dimension one in X = /~(F)  (~ R .  I. 
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By Theorem 1 and Proposition 3.2 in [15], we have R(F) • = ker P for a 

norm-one projection P in X*. We have 

P*I E R(F) •177 c X** 

and IIP*Zll < 1. Thus there exists a net (Ta) C R(F) such that IITall < 1 for all 

a and 

T,~ ~ P* I 

weak* in X'*. 

Let z E BF(O, 1) be strongly exposed by z* E BF*(0, 1), and let #b = x| 

By Lemma 12, r has a unique norm-preserving extension to X. Thus if 

is the canonical extension of r to X, then PC = r 

Thus 

r ~ (P*I)(r = (Pr = r 

such that 

�9 = 1. 

But then ]IToz - zl[ --* O. 

Since 

BF(O, I) = ~-fiV(str.expBF(O, 1)) 

(norm-closure), we get that [[Tax - z[[ ~ 0 for all z 6 F. | 

THEOREM 14: Theorem 13 is true if we make the following modifications: 

(i) In (1), F has the metric compact AP. 

(ii) ]~(F) and ]~(E, F) are everywhere replaced by K(F) and K(E, F). 

THEOREM 15: Assume E and F are ret~exive spaces. The followin g statements 

are equivRlent: 

(1) R(E, F) • is the kernel of a norm-one projection in K(E, F)*. 

(2) R(E, F) has the n.K(E, F).I.P. for a//n. 

(3) R(E, F) = g (E ,  F). 

Proof.. (3) are trivi a. 

(2) =>(3). Let T 6 g(E ,  F). Since T(E) is a separable subspace ofF,  there exists 

[17] a separable subspace X with T(E) C_ X C F and a norm-one projection On F 

with image X. But then/~(E, X) has the n.K(E, X).I.P. for all n. Hence we can 

and shall assume that F is separable. Similarly, we can assume E is separable. 
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Let Y = / ~ ( E ,  F)  + R .  T. By (2) there exists a projection P in Y* such 

that R(E,F) • = ker P and IIP[[ = 1. By Lemma 10, for each ~b E ext Br*,  we 

have P~b = r Now P*T E R(E, F)  •177 and since E and F are separable, there 

exists a sequence (T,,) in R(E, F) such that  IITn]l = IIP*T]I for all n and 

T, --* P*T 

weak* in Y**. For every r E ext By. = ext BK(E,F)~ we get 

lira r  = P*T(r = (Pr = r 
n 

Thus Tn ~ T pointwise on ext BK(E,F).. By Rainwater's theorem [4] this implies 

that T,~ ~ T weakly in K(E, F). But then T e R(E, F).  | 

Remarks: 
(a) In the proofs of Theorems 13 and 14, we used that F has the tLudon-Nikodym 

property in the proof of (10) =~(1). The important thing is that  the unit ball of 

F equals the norm-closure of the convex hull of its strongly exposed points. 

(b) If K(F) is an M-ideal in X = K(F) ~ R.  I, then it follows that F has the 

metric compact AP. From Theorem 2.2 in Lima [15], it follows that if K(F) is 

an M-ideal in X,  then F is an M-ideal in F*, so F* has the Radon-Nikodym 

property. See also Kalton [13]. 

It is well known that  if a Banach space F* has the metric AP, then also F 

has the metric AP. For the intersection property, we have a similar result. 

PROPOSITION 16: /.fR(F*) has the n.L( F* ).I.P., then R( F) has ~he n.L( F).I.P. 

Proof: Let $1,..., Sn E R(F), let So E L(F) and let ri = ]ISo - Sill. Let e > 0 

and 
~t 

S e R(F*)N A B(S*,ri + e). 
i--1 

Let T be the restriction of S* to F.  

Then T : F ~ F** and 

IIS -TII < + , ,  i=l, . . . ,n.  

Since T and every Si has finite rank, we can use "the principle of local reflexivity" 

to show that  
$% 

R(F) n ['1 B(S , + 2,) # 0. 
ill 

| 
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PROBLEM 2: Is Proposition 16 true for the space of compact operators? 

For dual spaces we have the next result. 

THEOREM 17: Assume F* has the Radon-Nikodym property. Then the following 

statements are equivalent: 

(1) There exists a net (T~) in R(F) such that 

IIT~II _< ~ for  al l o,, 

IIT,~= - =11 --' 0 for ~t] = e F ,  

IIT~*=* - =*11 --' 0 for  ~/] =* ~ F* .  
(2) F* has the metric AP. 

(3) There exists an isometry T : L(F*) --* R(F*)** such that the restriction to 

R( F*) is the natura/imbedding. 

(4) R(F*) • is the kernel of a norm-one projection in L(F*)*. 

(5) R(F*) •177 is the image ofa norm-one projection in L(F*)**. 

(6) R(F*) has the n.L(F*).I.P, for all n. 

(7) ~ ( r * )  has the n.X.I.P, for ~I n where X = ~ ( f ' )  e a .  X. 

Proof: Most of the proof is similar to the proof of Theorem 13. 

Note that (1) =~(2) is trivial. 

(7) ~ (1) .  As in (10) ~ ( 1 )  in Theorem 13, assuming (7) here, we can find a net 

(T~) in R(F*) such that I[T,~[[ < 1 for all a and 

I I T ~ = "  - ='11 ~ 0 

for all x* 6 F*. 

We shall show that we may assume T~ = S* where S~ 6 R(F). From this 

(1) follows arguing .as in the proof of Lemma 5.1 in [9]. 

Let z~ , . . . , z~ ,  6 BE.(0,1)  be strongly exposed by z ~ * , . . . , z ~  in 

BF..(0,1). 

Let e > 0 and let 0 > 0 such that if [Ix* H < 1 and x**(x*) > 1 - 0 f o r  some 

i, then I1=* - =*11 < ~. 

Choose T~ such that 

I1 - z~*(T~*~)l < 0 for all i. 

Since T,~ has finite rank, we can use "the principle of local reflexivity" to find 

S~, 6 R( F) such that 

I1 - =** (s$ ,=7)1  < ,9 for all i. 
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Thus IIS~z* - z*ll < e for all i. This completes the proof. | 

THEOREM 18: Assume F* has the Radon-Nikodym property. The following 

statements axe equivalent: 

(1) F* has the metric AP. 

(2) There exists an isometry T : L( F, E) ---) R( F, E)** such that the restriction 

to R( F, E) is the na tu ra /map  for every Banach space E. 

(3) R(F, E) j" is the kernel of a norm-one projection in L(F, E)* for every 

Banach space E. 

(4) R(F, E) •177 is the image of a norm-one projection in L(F, E)** for every 

Banach space E. 

(5) R(F, E) has the n.L(F, E).I.P. for every Banach space E. 

(6) There exists an isometry T : L(F,F**) ~ R(F,F**)** such that the re- 

striction to R(F,F**) is the natural map. 

(7) R(F, F**) • is the kernel of a norm-one projection in L(F, F**)*. 

(8) R(F, F**) j'• is the image o[ a norm-one projection in L(F, F**)**. 

(9) R(F,F**) has the n.L(F,F**).I.P, for a/ /n.  

(10) R(F,F**)  has the n.X.I.P, for all n when X = ft(F,F**) (B R .  IF. 

Proof: (1) ::~(2). Let ( ra )  be a net in R(F) as in (1) in Theorem 17. Taking a 

subnet, if necessary, we may assume that lira r exists for all r E R(F)*. As 

Johnson [11] has proved, this implies that the operator T defined by 

T(S)(r  = lira r  

where ~b 6 R(F, E)* and S 6 L(F, E), satisfies the requirements in (2). 

(2) =~(3) =~(4) :r =~(9) and 

(2) =(s )  m(10) are easy. 
(10)=~(1). By Theorem 17, it suffices to show tha t /~(F*)  has the n.X.I.P, for au 
n when X = R(F*)  @ R . I .  In order to do that, let e > 0, let S , , . . . ,  S ,  E R(F*) 

and let ri = IISi - III for i = 1 , . . .  ,n. It suffices to show that there exists 

S 6 R(F*) such that IIS - Sill < ri + ,  for all i. 

We have IISTIF - IFII < r~ for all i. By (10), we can find U 6 R(F,F**) 

such that IIS IF - UII _< + e for all i. Now, let S be the restriction to F* of 

U*. | 

Theorem 14 says that Theorem 13 is true also for compact operators. 

Theorems 17 and 18 have a partial generalization to compact operators. 
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THEOREM 19: Assume F* has the Radon-Nikodym property. Then statements 

(2)-(7) in Theorem 17 and statements (1)-(10) in Theorem 18 are a/l equiva/ent 

i f  we replace metric AP by metric compact AP and replace finite rank operators 

by compact operators everywhere. 

Proof: That  (2)-(7) in Theorem 17 are equivalent follows from Theorem 14. 

In order to prove that statements (1)-(10) in Theorem 18 are equivalent for 

compact operators, we only have to show that if K(F, F**) has the n.X.I.P. 

when X = K(F, F**) + R .  IF, then F* has the metric compact AP. This can 

be done in the same way as (10) =~(1) in Theorem 13 was proved. But we 

need a version of Lemma 12 that takes care of the unique extension of enough 

functionals. 

Let z* E BF.(0,1) be strongly exposed by z** E BF. . (0 ,1)  and ff = 

z** | z* E K(F, F**)*. We shall show that ff has a unique extension to X. This 

will suffice since if(I) = 1. 

Let S = z* | z** ~ K(F, F**). Now, using that cony (BF(O, 1) | BF. (0, 1)) 

is weak* dense in BL(F,F..).(O, 1), we can proceed as in Lemma 12 to show that 

has a unique extension to X. | 

The recent paper [8] by Godefroy, Kalton and Saphar contains many inter- 
esting results related to the results in this paper. The reader should consult that  
paper, espeeiaily chapter 8. 
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