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ABSTRACT
We show that if E is a Banach space with the Radon-Nikodym property.
then E has the metric approximation property if and only if the space
of finite rank operators is locally complemented in the space of bounded

operators.

1. Introduction

In 1984 Harmand and Lima [9] proved that if E is a Banach space such that K(E)
is an M-ideal in L(E), then E has the metric compact approximation property.
A strong converse of this was proved by Cho and Johnson (3] in 1985 when they
showed that if F is a subspace of £5, 1 < p < o0, with the compact approximation
property, then K(E) is an M-ideal in L(E). Later on, D. Werner [25] extended
Cho and Johnson’s result to subspaces of cp. Lately, Kalton [13] has obtained
characterizations of separable spaces E such that K(E) is an M-ideal in L(E).
A projection P in a Banach space X is called an L-projection if

llzll = |Pz|| + [l= — P=||

for all z € X. A subspace M of a Banach space X is called an M-ideal if M+
is the kernel of an L-projection in X*. M-ideals were first studied by Alfsen and
Effros [1]. They characterized M-ideals by means of intersection properties of
balls. They proved that if M is a closed subspace of a Banach space X, then M
is an M-ideal in X if and only if the following property holds:
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(#) whenever {B(a;,r;)}", is a finite family of balls in X such that
Niz1 Blai,ri) # 0 and M N B(ai,r;) # 0 for all i, then
M0, B(ai,ri +€) # 0 forall ¢ > 0.
It suffices to consider 3 balls in the above intersection property.

The theorems by Harmand and Lima, Cho and Johnson, Werner and Kalton
show that for some Banach spaces E we have equivalences between the following
statements:

(i) E has the metric compact approximation property.

(ii) K(E)' is the kernel of an L-projection in L(E)*.

(iii) K(E) has the intersection property (#) in L(E).

J. Johnson proved in [11] that if E is a Banach space with the metric
approximation property, then K(E)* is the kernel of a norm-one projection in
L(E)*. This suggests that the results above might be generalized.

A subspace M of a Banach space X is said to have the n.X. intersection
property (n.X.LP.) if whenever {B(a;,ri)}%, is a family of balls in M such that
Ni=, Blai,ri) # 0 in X, then

nB(a;,r.- +e)#0 inM, foralle>0.

i=1
The main result of this paper is the following result.

THEOREM 0: Let E be a Banach space with the Radon-Nikodym property. Then
the following statements are equivalent:

(i) E has the metric compact [metric] approximation property.

(i) K(E)t [R(E)']is the kernel of a norm-one projection in L(E)*.
(ii) K(E) [R(E)] has the n.L(E).LP. for all n.

Let us fix some notation. E,F,M,X and Y shall denote Banach spaces.
The dual space of E is denoted E*. If M is a subspace of E, then the annihilator
of M in E* is denoted M. B(z,r) or Bg(z,r) is the closed ball in E with center
z and radius r.

We denote by K(E, F') the space of compact linear operators from E to F,
and by L(E, F) the space of bounded linear operators from E to F. The space
of finite rank operators from E to F is written R(E,F). For T € L(E,F) we
denote the adjoint operator by T*.

The closure of a set S is written S, and its convex hull is conv(S). Thus

R(E, F) is the closure of R(E, F) in L(E, F). Unless otherwise stated the closure
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is taken in the norm topology. The set of extreme points of a convex set C is

written ext C.

2. Complemented subspaces

We shall in this section assume that M is a closed subspace of a Banach space
X. ¢y as a subspace of £, is an example of a non-complemented subspace such
that its annihilator is the kernel of a norm-one projection in the dual space.

The following result is crucial in this paper. (See Fakhoury [6] and Kalton
[12].) We shall indicate the main steps of its proof.

THEOREM 1: If M is a closed subspace of a Banach space X, then the following
statements are equivalent:
(i) M* is the kernel of a norm-one projection in X*.
(i) M*t is the image of a norm-one projection in X**.

(iii) If F is a finite-dimensional subspace of X and € > 0, then there exists an

operator T : F — M such that

(a) ze FOM=2>Tz =z,
B) ITI < (1 +e).

Proof: (i) = (ii) follows by taking adjoints.
(ii) = (iii). Let Q be the norm-one projection in X** with Q(X**) = M+L,
Let QF be the restriction of @ to F. Now we get T by composing QF with
a suitable operator obtained by using “the principle of local reflexivity” [18].
(iii) = (i). Here we use a compactness argument found in Lindenstrauss memoir
[16].

For each finite-dimensional subspace F of X, choose an operator Tr as in
(iil) with e = 1/ dim F. Let

S = [I Bz~ (0,2l=l)).
z€X

We equip S with the product weak*-topology. Then S is compact Hausdorff. For
each F as above and each r € X, we define

Tr(z) if z€F,
”z{op( : if :cgetF.
(zF)zex is a net in S ordered by (zr) > (z¢) if G C F. Let (zG)zex be a
subnet converging to a point (yz)zex in S. For each z € X and each z* € X*,
we have that

z*(zg) = y.(z*).
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The map z — y, from X to X** is linear. For 2 € X and z* € X* define

(Pz*)(z) = y:(a*).
Then P : z* — Pz* is a norm-one projection in X* with kernel M+, |

Remark: Theorem 1 is true if A € [1,00) and we replace “norm-one projection”
and “||T}| £ 1+ € by “projection of norm A” and “|T|| < A +¢€". |

Definition: We shall say that M is locally complemented in X if (iii) in
Theorem 1 is true. If (iii) is fulfilled with |[T|| < A + ¢, then we shall say that M
is locally A-complemented. |

COROLLARY 2: If X has the approximation property and M is locally
A-complemented in X for some X € [1,00), then M has the approximation prop-
erty.

Proof: Let K C M be a compact set and let € > 0. There exists a finite rank
operator T : X — X such that
1Tz -z}l < e/(A+¢)

for all z € K. Let F be the range of T and let Tr : F — M be as in (iii) of
Theorem 1. Then T¢T : M — M is a finite rank operator and

ITrTz — z|| < €

forallz € K. |
Theorem 3 gives examples of locally complemented subspaces.

THEOREM 3: Let E be a Banach space. Then R(E) is locally complemented in
R(E*). In particular, R(E) has the n.R(E*).LP. for all n.

In this theorem we assume that R(E) is the closure in R(E*) of the natural
imbedding T' — T™*.

Proof: First we observe that in the proof of (iii) = (i) in Theorem 1, we do not
use that X is complete. Thus we only have to verify (iii) with M = R(E) and
X = R(E*). Let F C R(E*) be a finite-dimensional subspace and let € > 0. Let

G =span | T*(E) C E*.
TeF
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Since each T € F is a finite rank operator, we get that G is finite dimensional.
By “the principle of local reflexivity”, there exists a linear operator V :
G — E such that
(o) z€eGNE=Vz =z,
(8) VI<(1+5e).
Define U : F — R(FE) by
U(T)=VoT*Eg.

Then |[U|| <1 +e.
1t easily follows that U(T) = T for all T € F N R(E). |

PROBLEM 1: Is K(E) locally complemented in K(E*)?

It is clear that M-ideals are locally complemented subspaces. We shall now
modify (iii) in Theorem 1 to obtain a characterization of M-ideals.

THEOREM 4: Let M be a closed subspace of a Banach space X. The following
statements are equivalent:
(i) M is an M-ideal in X.
(ii) ¥ F C X is a finite-dimensional subspace and € > 0, then there exists a
linear operator T : F — M such that
(a) ze FONM =Tz =z,
(8) Tz + (I - Tyl < (1 + )max(jal, Iyl
forallz, y € F.

Proof: (ii) = (i). Let y € Bx(0,1) and let z;, z3, z3 € By(0,1). Let e > 0
and let F = span (y,z1,%2,%3). Let T be as in (ii). Then we have

3
Tye M (| B(y+zi, 1+¢)
i=1
Thus M is an M-ideal in X [14].
(i) = (ii). Let € > 0 and let F C X be a finite-dimensional subspace. Since M
is an M-ideal in X, we get that M is an M-ideal in M + F. Thus we can and

shall assume that
dim(X/M) < oo.

Let Q be the M-projection in X** onto M1+, Let

H=QF)+(I-Q)F)cX™.
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We have dim H < oo. By “the principle of local reflexivity”, there exists an
operator S : H — X such that

(a) Sz=zforall z € HN X,

(b) z*(z) = z*(Sz) for all z € H, all z* € M+,

() (1 -¢e)llzll <ISz]l < (1 + ¢)||z]| for all z € H.
fze FNMCHNM*NX, then

z=Qz=S5Qzr

and (a) follows. From (b) it follows that SQz € M for all z € F.
Let z, y € F. Then

y=Qy+(y-Qy)
=5Qy+5S(y - Qy)
SO
y~SQy=S(y-Qy).
Hence

(1 + €) max(||zll, liyll) > (1 + €) max(/|Q=l, lly — Qyll)
2 1SQz + S(y - Q)
= 15Qz + (y - SQ)II.
Put T = SQ, and the proof is complete. 1

We shall now give an application of the previous theorem. Again we con-
sider R(E) to be naturally embedded into R(E*). Results similar to Theorem §
for spaces of compact and bounded operators can be found in Corollary 2.4 and
the Remark following Corollary 2.4 in [24].

THEOREM 5: Let E and F be Banach spaces such that E C F. The following
statements are equivalent:
(i) E is an M-ideal in F.

(ii) R(E,E) is an M-ideal in R(E, F).

(iii) R(X,E) is an M-ideal in R(X, F) for every Banach space X.
In particular, E is an M-ideal in E** if and only if R(E) is an M-ideal in R(E*).
Proof: The last part of the theorem follows from the first part by identifying
R(E, E**) with R(E*).
(i) = (ii) is trivial.
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(i) = (i). Let z € Eand y € F with 1 = ||z]| = ||ly||. Choose z* € E* such
that 1 = z*(z) = ||z*||. Define S € R(E,E) and T € R(E, F) by Sz = z*(2)z
and Tz = z*(z)y. Both S and T have norm 1. Let ¢ > 0. By (ii) there exists
U € R(E, E) such that

IS+ (T-U)|<1l+e

Then evaluating on z gives
lle£(y=Us)| <1+e.

This shows that E is a semi M-ideal in F. The same argument using three balls
gives that F is an M-ideal in F.

(i) = (iii). Let X be a Banach space and let Sy, S; and S be finite rank operators
from X into E with norm < 1. Let T € R(X, F) be a finite rank operator of
norm one and let € > 0. Let H be a finite-dimensional subspace of F' which
contains the images of all these four operators. By Theorem 4, we can find an
operator U : H — E such that U(z) =z for all z € EN H and

Uz + (y - Uyl < (1 + ¢) max(|={}, |[y]]),
for all z,y € H. Let V= UT. Then V € R(X, E) and
ISi+T-V||<1l+e

fori=1,2,3. ]

Remark: D. Werner has informed me that we cannot add
R(E) is an M-ideal in R(E**)
to the last part of Theorem 5. In fact,

(%) if R(E) is a semi M-ideal in R(E**), then E is reflexive.

Proof of (x): Let z* € E* and ¢*** € E*** with 1 = ||z*|| = ||z***|. Choose
z € E, y* € E* and z** € E** such that

L=zl ={ly*ll = ="l = y*(z) = =™ (y").
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Define S € R(E) and T € R(E**) by

S(y) = z*(y)=,
T(ytl) = z#t‘(ytt)zt‘.

Then 1 = ||S]| = |[T-
If ¢ > 0and U € R(E) such that

1S (T -U")[<1+¢
then taking adjoints and applying on y* gives
"x‘ i (I'*' - U#y‘)" s 1 +e.

Thus E* is a semi M-ideal in E***, hence an M-ideal. But this implies that E
is reflexive [10). [ |

It is easy to give examples of spaces which are locally complemented but
not complemented. If M is an L,-predual space which is a subspace of a space
X, then X1+ = im P for a norm-one projection P in X**. Thus M is locally
complemented in X.

If X/M is an L,-space, then M+ = im P for some norm-one projection P
in X*.

We have a theorem similar to Theorem 1 for quotient spaces.

THEOREM 6: Let M be a closed subspace of a Banach space X. The following
statements are equivalent.
(i) M* is the range of a norm-one projection in X*.
(i) ML is the kernel of a norm-one projection in X**.
(iii) If F is a finite-dimensional subspace of X and ¢ > 0, then there exists an
operator T : F — M such that

Tz=z foralze FNM, and
[ I-T)<1+4+¢ forallzePF.
(iv) If G is a finite-dimensional subspace of X/M and € > 0, then there exists

an operator S : G — X such that ||S|| £ 1+ ¢ and go S is equal to the
identity on G where q: X — X /M is the quotient map.
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Short proof:
(1) = (i1) is trivial.
(ii) = (iii) is similar to the proof of (i) = (ii) in Theorem 4.
(iii) = (i) is similar to (iii) = (i) in Theorem 1.
(iii) = (iv) is easy. |
Remark: (iv) in Theorem 6 is a local lifting. Just as there are many locally
complemented subspaces which are not complemented, there are many quotient
spaces which allow local liftings but not global liftings. Peter Harmand has made
me aware of the following example.

Since Ly = L,(0,1) is separable, there exists a closed subspace M of ¢;
such that

Ly~ 4 /M (isometric).

Since no subspace of ¢; is isometric to Ly, there is no lifting from L, to ¢;.

We have

L} ~ M* ~ C(K)

for some compact Hausdorff space K, so ML = im P for a norm-one projection
Pin f; = .

Note that L, has the metric approximation property. |

It is a trivial observation that if M is locally complemented in X, then M
has the n.X.LP. for all n. Let

M# = {z* € X* 1 ||l2*|| = |lz"||m}.

In Lima [15] it is proved that M# is a linear subspace of X* if and only if M has
the n.X. L.P. for all n and, moreover, every z* € M* has a unique normpreserving
extension to X. The n.X.LP. for all n can be replaced by the 3.X.L.P. (For a
correction to Lima [15], see Oja [19].)

Let us examine the following example. If z* € M*, denote by HB(z*) the

w*-compact convex set of normpreserving extensions of z* to X.
Example: Let X = £%,. Define a map T': £} — X by

T(1,0,0) = (1,-1,-1,1),

7(0,1,0) = (-1,1,-1,1),

T(0,0,1) =(-1,-1,1,1),
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and extend T to a linear operator.
Let M = T(£3).
We have:
(a) M has the 3.X.LP,, but not the 4. X.L.P,
(B) Every z* € ext Bp+(0,1) has a unique norm-preserving extension to X.
(7) There exists z* € M* which does not have a unique norm-preserving ex-
tension to X.
M has the 3.X.I.P. since L;-spaces have the 3.2.1.P. (See Lima [14].) Since
Ly-spaces do not have the 4.2.1.P., we get that M does not have the 4. X.1.P.
Note that M+ = span (1,1,1,1). Let z* € ext By+(0,1). Then HB(z*) is
a face of Bx+(0,1) which is a point or a line-segment parallel to M. Since no
face of Bx-(0,1) is parallel to (1,1,1,1), we get that HB(z*) must be a point.
(-1,-1,0,0,) and (0,0,1,1) are two different normpreserving extensions
of the functional z* € M* defined by

z*(1,-1,-1,1) =0,
2*(-1,1,-1,1) =0,
*(-1,-1,1,1)=2.

3. Extensions of extreme functionals
As shown by Ruess and Stegall [20], we have
ext BR(E,F)‘ (0, 1) = ext BK(E,F)’((): 1)
= ext Bg+(0,1) ® ext Br+(0,1).

Note that for T € L(E, F) and z** @ z* € E** @ F*, we define (z** ® z*)(T) =
z**(T*z*).
For the dual of L(E, F'), we have the following result.

THEOREM T7: For any Banach spaces E and F, we have
Br(k,r)+(0,1) = tonv(ext Bg++(0,1) ® ext Br-(0,1))
(weak*-closure).

This is proved in [10].
Often, we have E = F and then the state space Sg is a useful object to
study:
Sg={¢ € L(E)": ||¢ll =1 =4(I)}.
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I is the identity operator on E.
Let

Se = {z** ® z* € ext Bg+(0,1)® ext Bg+(0,1): z**(z*) =1}.

Then
Se g SE.

THEOREM 8: For every Banach space E, we have

Sg =conv(S,) (weak*-closure in L(E)*).

Proof: Let ¢ € Sg and let € > 0.
Choose Ty, T1,...,Tn € L(E) with Ty = I and all ||T}|| < 1. Note that

BL(E)‘ (0,1) = W{BE(O, 1) @ Bg«(0, 1)}

(weak®-closure), so we can find m, A\; > 0 and z; ® 2} € Bg(0,1)® Bg+(0,1) such
that 2™, A; =1 and

i=1
6(T3) = D Az (Tyai)| < &
=1
ford=¢€*/4and j =0,1,...,n.
Define

Jo={i:z}(z;)<1-8}.

Since ¢ € Sg and Ty = I, we have
1-8* <) Nizi(zi)

si,\.-(l-a)+2)\.-

i€J igJo

=1—BZ/\;.

i€ly

Hence EieJ,,/\.‘ < 0.
By deleting those elements with z}(z;) < 1 — @ and replacing \; by
Xi- (1 = Zies i), we may assume z}(z;) > 1 — 8 for all i and

16(T5) = Y Nz (Tjza)| < 8 + 30

i=1
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for all j. Clearly, we may assume ||z}|| = ||z;|| = 1 for all i.
Using the Bishop—Phelps-Bollobas theorem [2], and since |z?(z;) — 1| < 8,
there exist y¥ € Bg-(0,1) and 2; € Bg(0,1) such that
vi(z)=1 |lyi—aill<e and |zi—zl<e
for all <. Thus
|25(Tjzi) - 9i (Tiz)| < |(=F — vi )Tzl + |5 w3 (23 — 2)
< 2¢

for all ¢ and all j. Hence
|8(T) = Y Aivi (Tjzi)| < 8 +38 +2¢ < 3¢
=1

for all j.
For each i, put

HB(z;) = {y* € Bg-(0,1) : y*(2:;) = 1}.
HB(z;) is a w*-closed face containing y}. Since
HB(z;) = conv(extHB(z;)) ( weak®-closure),

we can replace each y! by a convex sum of elements from ext HB(z;). By
renumbering, we may assume each y! € ext Bg+(0,1) and

|¢(Tj) - ZAiy:(TjZi)l < 3e

i=1
for all j.
Similarly,

HB(y}) = {™ € Bg(0,1) : 2™(3}) = 1)

is a weak*-closed face with z; € HB(y}).
Thus we may replace each z; by elements in ext HB(y}). This completes
the proof. |

In the next section we shall need to know that some functionals have a
unique norm-preserving extension from R(E,F) or K(E,F) to L(E,F). We
start with some simple results.
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LEMMA 9: If ¢ = 2** @ 2* € Bg-+(0,1) ® Bg+(0,1) with z**(z*) = 1 and ¢ is
the canonical extension from R(E) to X = R(E)@® R- I, then

é € ext HB(4).
Proof: If ¢ ¢ ext HB(¢), then we can find n € X*, n # 0, such that

$+ne€ HB($).
But then n € R(E)‘. Moreover, we have
12 @£ a)I) =12n(D)
so n(I) = 0. But then 5 = 0 and we have ¢ € ext HB(4). |
LEMMA 10: Every ¢ € ext Br(g,r)-(0,1) has a unique norm-preserving exten-

sion to K(E, F).

Proof: Let ¢ € ext Bp(g,r)+(0,1) and assume ¢;, ¢; € ext HB(¢). Since HB(4)
is a weak”-closed face, there exist, by a theorem of Ruess and Stegall [20], z!* €
ext Bge+(0,1) and y} € ext Bp+(0,1) such that ¢; = z}* @ y! for i =1,2.

Let T € K(E, F). We shall show that ¢;(T) = ¢2(T).

Assume first that y; and y3 are linearly dependent. Then we may assume
that yf = y3. Choose y € F such that y}(y) = 1 and define S € R(E, F) by

§S=T"% ®y.

Then
$1(T) = ¢1(S) = 4(S) = $2(5) = ¢2(T).

Assume next that yy and y3 are linearly independent. We can find y,,y; € F

such that
0=y;(n) = yi(y2),

1 =y3(v2) = vi(v1)-
Define S € R(E, F) by

S=T'y ®@un +T"'y; ® .

Then
$1(T) = ¢1(S) = §(5) = ¢2(S) = 2(T).
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Thus ext HB(¢) consists of a unique point, and ¢ has a unique norm-

preserving extension to X. |

In the next section, it is crucial to know that sufficiently many functionals
have unique norm-preserving extensions from R(E) or K(E) to L(E), or at least
to a subspace of L( E) containing I. The first of the results in this direction is the
following lemma. Ruess and Stegall first proved this result in Theorem 4 in [22].
(See also [21] for similar results.) Qur proof is similar to the proof of Lemma 5.1
of Godefroy and Saphar [7] and uses a result of D. Werner [23].

LEMMA 11: Let ¢ = z®y* € dent Bg(0,1) ® w*—dent Bp-(0,1). Then ¢ €
dent By (g, r)+(0,1) and ¢ has a unique norm-preserving extension from R(E, F)
to L(E, F).

Proof: HB(4) is a weak*-closed face of By(g,r)+(0,1) containing the natural
extension ¢ of ¢. Let y € H B(¢). We shall show that ¢ = é.

Let € > 0 and let T € L(E, F) with ||T}| =1 such that
I = &Il < e+ 1&(T) = $(T)|.

By Lemma 4.5 of D. Werner [23], to every 8 € (0, ¢) sufficiently small, we can
find z* € E* such that

z*(z) =1,
le*ll < 1+e- 9,
z*(2)>1~0 and |z||<1=llz-2z| <e

Similarly, we can find y € F such that

vy =1,
lylf <1+€-9,
2*(y)>1-0 and |*|S1=]2" -y*[ <

Let S=2*Qy € R(E,F). Then ¢(5) =1.
As in the proof of Theorem 8, we can find m, A; > 0, z; € Bg(0,1) and



Vol. 84, 1993 METRIC APPROXIMATION PROPERTY 465

y! € Bp+(0,1) such that

Em: A=1,
i=1
16(S) ~ 3" Aiy?(Szi) < &%,

i=1

[%(T) - Zz\;y;*(Tz.‘)I <e

Let a = 9(1 — € + €8) and let
Jo={i:y;(Szi) < 1-a}.

Since 1 = ¢(S) = 1(S), we get

1~ 8 <Y Ayi(Sw)

i=1
SY MN(1-a)+ > (1+ed)?
i€Jy i¢Jo
=(1+2e0+€6*) — (a + 20+ €0*) D Ai.

i€Jy

From this it follows that 37, ; A < 3e.
From ¢ ¢ Jo, we have

yi(Szi) =yl(y) z*(zi) > 1-a.

So
l-a<yj(y) (1 +¢€d)

and

y(y)>(1~a)/(1+ed)=1-0.

Similarly for : ¢ Jo,
:z;"(:c.-) >1-0.

Hence, {ly! —y*[| <€ and [[z; — z|| < e for i ¢ Jo.
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But then we have

i — 8ll < e+ [%(T) — $(T)|
< e+ [Y(T) = Y Nl (T2l +18(T) = Y Ay (Tas)|
i=1

i=1
m
<2+ Aily*(Tz) -y} (Tai)|
i=1

<2+ ) M2(1+ed)+ Y Mllyf (T - Txa)l + |(v* — y!)(T:)])
i€Jo i¢Jo

< 2¢ + 6¢(1 + €%) + 2€ < 16e.

Thus ¥ = ¢.
The same argument shows that if we start with 3 such that ||| <1 and
$(S) > 1 — 82, then we get || — || < 16¢. Thus ¢ is a denting point. 1

The above result is what we need to prove Theorem 0 for reflexive spaces.
To extend Theorem 0 to non-reflexive spaces, we need to have a similar theorem
when not both E and E* contain denting or strongly exposed point. We have
only a partial result in this direction.

LEMMA 12: Assume z € Bg(0,1) is strongly exposed by z* € Bg-(0,1).
Let ¢ = 2 ® z* € R(E)*. Then ¢ has a unique norm-preserving extension
toX=R(E)®R-I.

Proof: Let ¢ = r ® z* be the natural extension of ¢ to X, and let 1 € HB(¢).
We shall show that 1 = §.

Let S =z*® z € R(E). Then we have

1=¢(S) =+%(S)
and
1= ¢(I).

We shall prove that ¢(I) = 1.

Let m,\; > 0, z; € Bg(0,1) and 2} € Bg+(0,1) be such that

i=1

|¢(S) -3 AieH(Sa:)
=1

< &
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and

<e

‘t/)(l' ) - Z Aizi(Iz;)

We have chosen 8 > 0 so small that if ||2|| < 1 and 2*(z) > 1-8 then |lz—z| <e.
Put

Jo={i:z{(Sz;) <1-0}.
Then we have

1-0° <) \zi(Szi)

i=1
S NA-+ Y X

i€Jo i¢Jo
=1-9 Z A

i€y
Thus
Y nuso
i€lo

For i ¢ Jo, we have
1-0 < zj(Sz;i) = zj(z)z* ()

< z*(zi).
(We can assume z*(z;) > 0 for all <.)
Thus for i ¢ Jp, we have

zj(z)21-0
and

lz; — z|| < e
Hence we get

16(1) = ()] < [(X) = Y Nzt (Tza)| + |8(1) = Y Mzt (Tz)|

i=1 =1
<et|1- z Aiz (zi))|
i=1

Set ) N1=ai(@)l+ Y Ail(1 - 2i(2)) +2f(z — i)
i€Jy ig¢Jo
<e+20+ ) A(d+e¢)
igJo
< 2e+30.
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This shows that y(I) = ¢(I) = 1. 1

4. The approximation property

In this section, we shall combine the results from the previous sections with
results by J. Johnson [11] to obtain characterizations of spaces with the metric
approximation property. We shall write AP for the approximation property.
Results on the approximation property can be found in [18].

J. Johnson [11] shows how we can use the AP to obtain the existence of
projections. We shall use the existence of certain projections to show that the
space has the metric AP. The results come in two versions, one with the metric

AP and one with the metric compact AP.

THEOREM 13: Assume that F is a Banach space with the Radon-Nikodym
property. Then the following statements are equivalent:
(1) F has the metric AP.
(2) R(F)* is the kernel of a norm-one projection in L(F)*.
(3) R(E, F)* is the kernel of a norm-one projection in L(E, F)* for any Banach
space E.
(4) R(F)*+ is the image of a norm-one projection in L(F)**.
(5) R(E,F)‘* is the image of a norm-one projection in L(E,F)** for any
Banach space E.
(6) There exists an isometry T : L(F) — R(F)** such that the restriction to
R(F) is the canonical imbedding.
(7) There exists an isometry T' : L(E, F) — R(E, F)** such that the restriction
to R(E, F) is the canonical imbedding for any Banach space E.
(8) R(F) has the n.L(F).LP. for all n.
(9) R(E,F) has the n.L(E, F).LP. for all n and any Banach space E.
(10) R(F) has the n.X.1.P. for alln when X = R(F)® R - I.

Proof: (1) = (7) is proved in J. Johnson [11].
(7) =(6) =(2) =>(4) and (7) =(3) =(5) =>(4) follow from Theorem 1 and “the
principle of local reflexivity”.
(5) =(9) =(8) =>(10) and (4) =(8) are easy.
We shall now show that (10) =(1).
Note that R(F) is of co-dimension one in X = R(F)® R- I.
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By Theorem 1 and Proposition 3.2 in [15], we have R(F)* = ker P for a
norm-one projection P in X*. We have

P*I € R(F).L.L CX":

and ||P*I|| < 1. Thus there exists a net (T,) C R(F) such that ||T4|| < 1 for all
a and

Ta = P*I

weak* in X**,
Let z € Br(0, 1) be strongly exposed by z* € Bp-(0,1), and let ¢ = z®z*.
By Lemma 12, ¢ has a unique norm-preserving extension to X. Thus if ¢
is the canonical extension of ¢ to X, then P¢ = ¢.
Thus
$(Ta) = (P*I)($) = (PE)I) = §(I)

such that
z*(Taz) » z*(z) = 1.

But then || Tz — z|| — 0.
Since
Br(0,1) = conv(str.expBr(0,1))

(norm-closure), we get that ||[Toz — z|| = 0 forall z € F. |

THEOREM 14: Theorem 13 is true if we make the following modifications:
(i) In (1), F has the metric compact AP.
(i) R(F) and R(E, F) are everywhere replaced by K(F) and K(E, F).

THEOREM 15: Assume E and F are reflexive spaces. The following statements
are equivalent:

(1) R(E,F)* is the kernel of a norm-one projection in K(E, F)*.

(2) R(E,F) has the n.K(E, F).1.P. for all n.

(3) R(E,F) = K(E,F).
Proof: (3) =(1) =(2) are trivial.
(2) =(3). Let T € K(E, F). Since T(E) is a separable subspace of F, there exists
[17] a separable subspace X with T(E) C X C F and a norm-one projection onF
with image X. But then R(E, X) has the n.K(E, X).LP. for all n. Hence we can
and shall assume that F is separable. Similarly, we can assume F is separable.
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Let Y = R(E,F) + R-T. By (2) there exists a projection P in Y* such
that R(E,F)! = ker P and ||P|| = 1. By Lemma 10, for each ¢ € ext By-, we
have P$ = ¢. Now P*T € R(E, F)'L and since E and F are separable, there
exists a sequence (T,) in R(E, F) such that ||T,,)| = [|[P*T| for all n and

T. = P*T
weak® in Y**. For every ¢ € ext By. = ext Bk(g,r)+, We get

lim §(T,) = P*T(¢) = (P$)(T) = ¢(T).

Thus T, — T pointwise on ext Bx(g,r)-. By Rainwater’s theorem [4] this implies
that T, — T weakly in K(E, F). But then T € R(E, F). |

Remarks:
(a) In the proofs of Theorems 13 and 14, we used that F has the Radon—-Nikodym
property in the proof of (10) =>(1). The important thing is that the unit ball of
F equals the norm-closure of the convex hull of its strongly exposed points.
(b) If K(F) is an M-ideal in X = K(F) @& R - I, then it follows that F has the
metric compact AP. From Theorem 2.2 in Lima [15], it follows that if K(F) is
an M-ideal in X, then F is an M-ideal in F*, so F* has the Radon-Nikodym
property. See also Kalton [13].

It is well known that if a Banach space F* has the metric AP, then also F
has the metric AP. For the intersection property, we have a similar result.

PROPOSITION 16: If R(F*) has the n.L(F*).L.P., then R(F) has the n.L(F).LP.

Proof: Let S,...,8, € R(F), let Sp € L(F) and let r; = ||Sp — Si}|. Let e >0
and .
S € R(F*)n (| B(S?,ri +e).
i=1
Let T be the restriction of S* to F.
Then T: F — F** and

I1Si—T|| <rite, i=1,...,n.

Since T and every S; has finite rank, we can use “the principle of local reflexivity”
to show that

R(F)N ﬁ B(Si,ri +2¢) # 0.

i=1



Vol. 84, 1993 METRIC APPROXIMATION PROPERTY 471

PROBLEM 2: Is Proposition 16 true for the space of compact operators?
For dual spaces we have the next result.

THEOREM 17: Assume F* has the Radon-Nikodym property. Then the following
statements are equivalent:
(1) There exists a net (T,) in R(F) such that
|Tall <1 for all a,
|[Taz — z|| — 0 for all z € F,
|IT2z* — 2*|| — O for all z* € F*.
(2) F* has the metric AP.
(8) There exists an isometry T : L(F*) — R(F™*)** such that the restriction to
R(F*) is the natural imbedding.
(4) R(F*)* is the kernel of a norm-one projection in L(F*)*.
(5) R(F*)*L is the image of a norm-one projection in L(F*)**,
(6) R(F*) has the n.L(F*).LP. for all n.
(7) R(F*) has the n.X. LP. for all n where X = R(F*)® R - I.

Proof: Most of the proof is similar to the proof of Theorem 13.

Note that (1) =(2) is trivial.
(7) =(1). Asin (10) =(1) in Theorem 13, assuming (7) here, we can find a net
(Ta) in R(F*) such that ||T,|| <1 for all & and

ITaz® = 2*| 0

for all z* € F™*.

We shall show that we may assume T, = S, where S, € R(F). From this
(1) follows arguing as in the proof of Lemma 5.1 in [9].

Let z3,...,z2h, € Bp«(0,1) be strongly exposed by z}*,...,z% in
B« (0,1).

Let € > 0 and let @ > 0 such that if ||z*}| < 1 and z}*(z*) > 1 —- 3 for some
i, then ||z* — z}]| < e.

Choose T, such that
11— z!*(Taz?)| <@ foralli.

Since T, has finite rank, we can use “the principle of local reflexivity” to find

S« € R(F) such that

[t —z*(Sazi)| <0 foralli.
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Thus ||Siz} — z}|| < € for all . This completes the proof. ]

THEOREM 18: Assume F* has the Radon-Nikodym property. The following
statements are equivalent:
(1) F* has the metric AP.
(2) There exists an isometry T : L(F, E) — R(F, E)** such that the restriction
to R(F, E) is the natural map for every Banach space E.
(3) R(F,E)* is the kernel of a norm-one projection in L(F,E)* for every
Banach space E.
(4) R(F,E)*t is the image of a norm-one projection in L(F, E)** for every
Banach space E.
(5) R(F,E) has the n.L(F, E).LP. for every Banach space E.
(6) There exists an isometry T : L(F,F**) — R(F,F**)** such that the re-
striction to R(F, F**) is the natural map.
(7) R(F,F**)' is the kernel of a norm-one projection in L(F, F**)*.
(8) R(F,F**)L! is the image of a norm-one projection in L(F, F**)**.
(9) R(F,F**) has the n.L(F,F**).L.P. for all n.
(10) R(F,F**) has the n.X.LP. for all n when X = R(F,F**)® R IF.

Proof: (1) =(2). Let (Ty) be a net in R(F) as in (1) in Theorem 17. Taking a
subnet, if necessary, we may assume that lim ¢(T) exists for all § € R(F)*. As
Johnson [11] has proved, this implies that the operator T' defined by

T(5)¢) = lim ¢(5Ta),

where ¢ € R(F,E)* and S € L(F, E), satisfies the requirements in (2).

(2) =(3) =(4) =(5) =(9) and

(2) =(6) =(7) =(8) =(9) =(10) are easy.

(10)=>(1). By Theorem 17, it suffices to show that R(F*) has the n.X.LP. for all
n when X = R(F*)® R-I. In order to do that, let ¢ > 0, let Sy,...,S, € R(F*)
and let r; = ||S; = I|| for ¢ = 1,...,n. It suffices to show that there exists
S € R(F*) such that ||S — Si|]| < ri + € for all 4.

We have ||S?|r — Ir|| < r; for all i. By (10), we can find U € R(F, F**)
such that ||S}|F — U|| < r; + ¢ for all i. Now, let S be the restriction to F* of
U*. n

Theorem 14 says that Theorem 13 is true also for compact operators.

Theorems 17 and 18 have a partial generalization to compact operators.
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THEOREM 19: Assume F* has the Radon-Nikodym property. Then statements
(2)«7) in Theorem 17 and statements (1)—(10) in Theorem 18 are all equivalent
if we replace metric AP by metric compact AP and replace finite rank operators

by compact operators everywhere.

Proof: That (2)~(7) in Theorem 17 are equivalent follows from Theorem 14.
In order to prove that statements (1)-(10) in Theorem 18 are equivalent for
compact operators, we only have to show that if K(F, F**) has the n.X.LP.
when X = K(F,F**)+ R I, then F* has the metric compact AP. This can
be done in the same way as (10) =>(1) in Theorem 13 was proved. But we
need a version of Lemma 12 that takes care of the unique extension of enough
functionals.

Let z* € Bp+(0,1) be strongly exposed by z** € Bp+.(0,1) and ¢ =
z** @ z* € K(F,F**)*. We shall show that ¢ has a unique extension to X. This
will suffice since ¢(I) = 1.

Let S = 2*®z** € K(F, F**). Now, using that conv (Br(0,1)® Br-(0,1))
is weak* dense in By (F e)+(0,1), we can proceed as in Lemma 12 to show that

¢ has a unique extension to X. ]
The recent paper [8] by Godefroy, Kalton and Saphar contains many inter-

esting results related to the results in this paper. The reader should consult that
paper, especially chapter 8.
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